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To achieve different end-use properties of polymers, an industrial plant must produce several grades of the product
through the same process under different operating conditions. As molecular weight distribution (MWD) is a crucial
quality index of polymers, grade transition based on MWD is of great importance. Dynamic optimization of the grade
transition process using MWD is a challenging task because of its large-scale nature. After analyzing the relationships
among state variables during polymerization, a novel method is proposed to conduct the optimal grade transition using
dynamic optimization with a small-scale moment model, combined with a steady-state calculation of the MWD. By
avoiding expensive computation in dealing with dynamic MWD optimization, this technique greatly reduces the compu-
tational complexity of the process optimization. The theoretical equivalence of this simplification is also proved. Finally,
an industrial high-density polyethylene slurry process is presented to demonstrate the efficiency and accuracy of the
proposed strategy. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 2498–2512, 2014
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Introduction

Polymers encompass very large and broad classes of com-
pounds with various properties, and different polymer uses
require different material specifications. To achieve the dif-
ferent specifications for polymer end-use properties, the
same process must produce several grades of the product
with different qualities, under different operating conditions.
These conditions require a special operating strategy called
grade transition. Through grade transition one polymer grade
is changed to another grade during polymerization.1 Devel-
opment of a fast and economical grade transition process has
been pursued by several research groups, both in academe
and in industry, over the last few decades.

Grade transition requires changes from one steady state to
another to product different final products. During these
changes, off-specification, low-value products are produced
in transient states.2 To decrease economic losses, plant oper-
ators must implement optimal profiles of the manipulated
variables. Therefore, dynamic optimization is an important
means of dealing with grade transition problems.3 Different
optimization objectives can be used to determine these opti-

mal trajectories.4 To address this type of problem in a sys-
tematic manner, an adequate dynamic model for the polymer
grade transition process must be developed and optimized.

Many research efforts have been made to determine the
optimal operating conditions of polymerization processes.1,3–

9 Cervantes et al.4 presented an optimal control policy for an
industrial low-density polyethylene plant based on average
molecular weight (AMW) optimization to obtain the optimal
profiles of butane fed to the plant; the results minimize the
time required to reach steady-state operation and achieve
new products of desirable quality. Lo and Ray9 conducted a
dynamic simulation of grade transition in an industrial fluid-
ized bed polyethylene reactor using a nickel–diimine cata-
lyst. They further took temperature, monomer concentration,
and hydrogen composition as primary manipulated variables
for achieving grade transition in terms of polymer density
and target melt index. These studies, however, consider the
target number AMWs (Mn), weight AMWs (Mw), or poly-
dispersity indices (PDI), rather than the molecular weight
distribution (MWD) of the quality index.

MWD is a fundamental polymer property that directly
influences end-use polymer characteristics. It affects process-
ing through the polymer melting point and the flow proper-
ties of the melted polymer. It also determines many of the
mechanical properties of the processed product, such as
strength and impact resistance.10 Many methods are available
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for calculating MWD, including the molecular weight
moment method,11 the Monte Carlo method,12,13 the trans-
formed domains method,14–17 the discrete Galerkin
method,18,19 and the parallel computation method.20 How-
ever, few articles have focused on determining the optimal
operating policies of a target MWD. This issue has been
considered in the polymerization of methyl methacrylate in
batch reactors.21–24 For continuous polyethylene production,
Soares5,25 reviewed a cumulative method that integrated an
approximated Flory’s distribution over time and radical loca-
tion in the polymer particle to recover the MWD of the
cumulative polymer by calculating the convolution of instan-
taneous distribution based on the quasi-steady-state approxi-
mation (QSSA). Moreover, Zapata-Gonz�alez et al.26

proposed a methodology where the QSSA is applied on the
fast dynamic species to reduce the stiffness, and then the
remaining equations are solved by computationally inexpen-
sive explicit algorithms. Although the Flory distribution is
invalid when chain transfer reactions occur in the polymer or
when the dynamic evolution of free radicals with various
chain lengths is simulated, it remains very practical and use-
ful in a many polymerization situations.

Al-haj-Ali et al.27 addressed the issue of MWD in a single
reactor during gas-phase ethylene polymerization and con-
cluded that a broad MWD could be achieved by proper con-
trol of the hydrogen to monomer ratio inside the reactor.
Pontes et al.28 presented an optimization model for determin-
ing the optimal operating policies for tailoring polyethylene
with desired MWDs in a continuous ethylene polymerization
process; this model used a Ziegler–Natta catalyst in a complex
configuration of continuous stirred tank reactors (CSTRs) and
plug flow reactors. However, many studies21–24,29,30 that deal
with target MWDs only minimize the deviation of the calcu-
lated MWDs from the specified profile but do not care about
the computational efficiency. The computational time required
to solve the optimization problems takes anywhere from
minutes to hours because of the complexity of the model and
limitations of certain solution methods.31

Polymerization reactor models are necessary to describe
the single process to produce a number of polymer grades
featured by Mn, Mw, or PDI to satisfy the different specifi-
cations of various end-use properties. However, this practice
may lead to an incomplete description of the polymer and
can further mislead end-users, as polymers with similar aver-
age molecular properties may have distinct microstructural
distributions and physical properties.5 Thus, the MWD is a
key in establishing quality indices for polymers. Considering
MWD in the quality control and process optimization of
polymer products is thus essential. However, the dynamic
optimization problem involving the time evolution of MWD
is difficult to solve because of its large scale, nonlinearity,
and strong coupling features. Dynamic MWD optimization
in a polymerization process remains a challenging task. On
the one hand, the accuracy of studies that consider only the
target Mn, Mw, or PDI, rather than the MWD of the formed
polymer may be flawed because polymers with similar
molecular properties may have distinct microstructural distri-
butions and physical properties. On the other hand, studies
that consider the MWD target must address large-scale com-
putation problems caused by dynamic calculations of real-
time MWDs.

In this article, the conventional modeling methods used
in the dynamic optimization of grade transition process,
including the moment method, instantaneous Flory method,

and cumulative Flory method, are first presented. Then, an
interesting question is raised. Can we conduct grade transi-
tion using MWD as the quality index while avoiding expen-
sive computations to address dynamic MWD optimization?
A positive answer is given in this study through theoretical
analysis of the relationships among state variables. A theo-
rem and case validation are provided to show that after
selected reactor state variables in the moment model are at
steady state, real-time MWDs will cease to vary. Thus,
MWD dynamic optimization can be conducted by solving a
small-scale dynamic moment model combined with a
steady-state MWD model. Eventually, the dynamic optimi-
zation of grade transition for a high-density polyethylene
(HDPE) slurry process is presented using the proposed
method.

Conventional Modeling Methods

An industrial HDPE slurry process was studied in this pro-
ject. Continuous slurry polymerization with multiple-site Zie-
gler–Natta catalysts is a typical, popular, and effective process
for producing HDPE.31 Ziegler–Natta catalyst with titanium
tetrachloride [TiCl4] as the primary catalyst and triethyl alu-
minum [Al(C2H5)3] as the cocatalyst was used in the continu-
ous HDPE polymerization process. Figure 1 illustrates the
flow sheet of the industrial HDPE slurry process,32 which con-
sists of one CSTR and several other auxiliary units, including
flash drums, coolers, compressors, and pumps. Ethylene
(monomer), hydrogen (chain transfer agent), n-hexane (dilu-
ent), and the Ziegler–Natta catalyst are fed continuously into
the CSTR, whereas the slurry is continuously removed from
the reactor.33 The vapor stream, Cooler-IN, which contains
ethylene, hydrogen, and hexane, is recycled to the feed
streams through coolers (responsible for heat removal), flash
drums, and compressors to achieve high monomer conversion.

An equation-oriented model34 was first developed for the
dynamic optimization. The following assumptions were
made while modeling the polymerization:

1. The gas and liquid phases in the reactor are well mixed,
and phase equilibrium exists at the gas–liquid interface.

2. The mass-transfer resistance, heat transmission resist-
ance, and diffusion at the gas–liquid interface are negligible.

3. The concentration of all the materials in the reactor is
uniform.

4. The temperature of the reactor is uniform.

Figure 1. Flow sheet of the HDPE slurry process.
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Equal reactivity is assumed, that is, the kinetic constants
of propagation, transfer, and deactivation are unrelated to
chain length.

The kinetic mechanism of ethylene homopolymerization
with the Ziegler–Natta catalyst system is summarized in Table
1, where CP is a potential active site of catalyst TiCl4, A is
the cocatalyst Al(C2H5)3, M is the monomer, H2 is hydrogen,
P0 is an active site, Cd is a deactivated site, Dn is a dead poly-
mer of chain length n, Pn is the living polymer of chain length
n, j is the index of the Ns active sites. Also, kaA is the kinetic
constant of the activation reaction, ki is the kinetic constant of
the initiation reaction, kp is the kinetic constant of the propa-
gation reaction, ktM is the kinetic constant of the chain trans-
fer to monomer reaction, ktH is the kinetic constant of the
chain transfer to hydrogen reaction, ktA is the kinetic constant
of the chain transfer to cocatalyst reaction, kt is the kinetic
constant of the chain transfer b-hydride reaction, and kd is the
kinetic constant of the deactivation reaction. Specifically, the
chain transfer to hydrogen reaction is of order 0.5.35

A multisite-type catalyst model was used for this polymer-
ization process. The number of catalyst sites (Ns) for simu-
lating the MWD of the produced polymer was confirmed as
five by deconvoluting gel permeation chromatographs (GPC)
of the polymer samples.36 The kinetic constants for these
active sites were estimated using plant data from an indus-
trial polymerization process.

The process was designed to produce multiple HDPE
grades. The grade transition problem involves the dynamic
computation of the product qualities of different grades and
other relative states during the transition process. The con-
ventional quality models are elaborated as follows.

Moment method

The method of moments solves the leading moments of
the chain length distribution (CLD) with considerably less
computational effort.25 Then Mn, Mw, or PDI can be easily
calculated from the moments of the distribution.

The mth moments of the living and dead polymers at the
jth active site are, respectively

Ym jð Þ5
X1
n51

nm Pn jð Þ½ � (1)

Xm jð Þ5
X1
n52

nm Dn jð Þ½ � (2)

According to the mechanism in Table 1, the following
equation defines the kinetic constants for transfer and
deactivation

KTðjÞ1KDðjÞ5ktM ðjÞ½M�1ktH ðjÞ½H2�0:51ktA ðjÞ½A�
1ktðjÞ1kdðjÞ; for j51 : Ns (3)

For the zeroth moment of the CLD of the living polymer
chains, the equation can be derived by substituting the corre-
sponding population balance into the moment expression

dðY0ðjÞVÞ
Vdt

5kiðjÞ½P0ðjÞ�½M�2ðKTðjÞ1KDðjÞÞY0ðjÞ

1ktM ðjÞ½M�Y0ðjÞ2Y0ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(4)

where Flowout represents the volume outflow rate, and V
represents the liquid volume of the reactor.

Similarly, for the zeroth moment of CLD of the dead
polymer chains, the equation takes the form

dðX0ðjÞVÞ
Vdt

5ðKTðjÞ1KDðjÞÞY0ðjÞ2ktM ðjÞ½M�½P1ðjÞ�

2X0ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(5)

For the first moments of CLD of the living and dead poly-
mer chains, the equations are given by

dðY1ðjÞVÞ
Vdt

5kiðjÞ½P0ðjÞ�½M�1kpðjÞ½M�Y0ðjÞ2ðKTðjÞ1KDðjÞÞ

3Y1ðjÞ1ktM ðjÞ½M�Y0ðjÞ2Y1ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(6)

dðX1ðjÞVÞ
Vdt

5ðKTðjÞ1KDðjÞÞY1ðjÞ2ktM ðjÞ½M�½P1ðjÞ�

2X1ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(7)

For the second moments of CLD of the living and dead
polymer chains, the equations are given by

dðY2ðjÞVÞ
Vdt

5kiðjÞ½P0ðjÞ�½M�1ktM ðjÞ½M�Y0ðjÞ

1kpðjÞ½M�ð2Y1ðjÞ1Y0ðjÞÞ2ðKTðjÞ1KDðjÞÞY2ðjÞ
2Y2ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(8)

dðX2ðjÞVÞ
Vdt

5ðKTðjÞ1KDðjÞÞY2ðjÞ2ktM ðjÞ½M�½P1ðjÞ�

2X2ðjÞFlowout ðtÞ=VðtÞ; for j51 : Ns

(9)

The zeroth, first, and second moments are used to calculate
AMWs (the number or weight averaged MW, Mn, and Mw,
respectively) as well as PDI using the following equations

Mn 5

XNs

j51

ðY1ðjÞ1X1ðjÞÞ

XNs

j51

ðY0ðjÞ1X0ðjÞÞ
3mw (10)

Mw 5

XNs

j51

ðY2ðjÞ1X2ðjÞÞ

XNs

j51

ðY1ðjÞ1X1ðjÞÞ
3mw (11)

PDI 5
Mw

Mn
(12)

where mw represents the molecular weight of the mono-
mer. The moments of the living chain are much smaller

Table 1. Kinetic Mechanism of Homopolymerization

Reaction Types Descriptions

Activation Cp jð Þ1A���!kaA jð Þ
P0 jð Þ

Initiation P0 jð Þ1M��!ki jð Þ
P1 jð Þ

Propagation Pn jð Þ1M��!kp jð Þ
Pn11 jð Þ

Transfer to monomer Pn jð Þ1M���!ktM jð Þ
P1 jð Þ1Dn jð Þ

Transfer to hydrogen Pn jð Þ1H2���!ktH jð Þ
P0 jð Þ1Dn jð Þ

Transfer to cocatalyst Pn jð Þ1A���!ktA jð Þ
P0 jð Þ1Dn jð Þ

Transfer b-hydride Pn jð Þ��!kt jð Þ
P0 jð Þ1Dn jð Þ

Deactivation Pn jð Þ��!kd jð Þ
Cd jð Þ1Dn jð Þ

P0 jð Þ��!kd jð Þ
Cd jð Þ
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than the moments of the dead polymer; thus, the moments
of the former are always ignored in the calculation of
AMWs.

If the AMWs are selected as quality indexes, dynamic
optimization of the grade transition can be formulated as
follows

min tf

s:t : _SðtfÞ50

2r � �W tar � �WðtfÞ2 �W tar � r � �W tar

_x5/ðx; u; y; tÞ

wðx; u; y; tÞ50

xlb � x � xub

ulb � u � uub

ylb � y � yub

(13)

where SðtfÞ represents the state variables at the final time tf,
including temperature, concentrations of the monomer, trans-
fer agent, and cocatalyst, volume of reaction liquid, volume
outflow rate, and moments of the living chain and dead poly-
mer; _SðtfÞ is the derivative of SðtfÞ; �WðtfÞ is the calculated
AMW at the final time tf; �W tar is the target AMW of the tar-
get grade; r is the tolerance parameter; x is the vector of dif-
ferential variables involved in the moment method; y is the
vector of algebraic variables; u is the control variable; xlb,
ulb, and ylb represent the lower boundaries and xub, uub, and
yub represent the upper boundaries of x, u, and y,
respectively.

The objective function minimizes the transition time. The
first equality constraint is included to ensure that the state
variables obtain their steady-state value after tf, indicating
the end of the transition. The second inequality constraint
bounds the error between the target AMWs and the calcu-
lated AMWs to ensure the quality specification for the target
grade. The third and fourth equality constraints are the pro-
cess models and include its thermodynamic properties, popu-
lation balance, moment equations as described previously for
the reactor, and a description of the behavior of the quantita-
tive process of other unit models. The fifth, sixth, and sev-
enth inequality constraints show the validity range of each
variable.

Instantaneous Flory method

When MWD is used as the quality index, development of
an MWD model is required. The conventional Flory–Schulz
distribution shows the MWD of a polymer under a steady or
pseudo steady-state assumption (PSSA), also called the
instantaneous Flory distribution.

The weight distribution is given by37

f ðj; nÞ5ð12sðjÞÞ2ðsðjÞÞn21n (14)

where n represents the chain length, and sðjÞ is the distribu-
tion parameter that represents the propagation probability of
the active chain at the jth active site, which can be repre-
sented as the ratio of the monomer propagation frequency
over the sum of the monomer propagation frequency, chain
transfer frequency, and deactivation frequency at the jth
active site

sðjÞ5 kpðjÞ½M�
kpðjÞ½M�1KTðjÞ1KDðjÞ

(15)

After the instantaneous Flory distributions of all of the
active sites have been calculated, the instantaneous distribu-
tion of the polymer product can be obtained by averaging
the distributions of each individual site type as follows38

f ðnÞ5
XNs

j51

f ðj; nÞmfj (16)

where mfj is the weight or mass fraction of the polymer
made by site type j. The parameter mfj is defined as follows

mfj 5
Y1ðjÞ1X1ðjÞXNs

j51

ðY1ðjÞ1X1ðjÞÞ
(17)

The instantaneous Flory method has a significant advant-
age in terms of computation speed. However, special condi-
tions of PSSA make the application of the distribution
unsuitable when the reactor is not at a steady state, for
example, during grade transition. For that case, the cumula-
tive Flory method can be introduced to calculate the time
evolution of MWD.

Cumulative Flory method

During the grade transition process, the cumulative Flory
distribution method can be used for the dynamic computa-
tion of MWD. Hereafter, w is used to represent the instanta-
neous weight, W represents cumulative weight, f represents
the instantaneous distribution, and F represents the cumula-
tive distribution.

The newly produced instantaneous total weight of the jth
active site at time t is calculated as follows

dwðj; tÞ5fktM ðj; tÞ½MðtÞ�1ktH ðj; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtÞ�

p
1ktA ðj; tÞ½AðtÞ�

1ktðj; tÞ1kdðj; tÞgY1ðj; tÞVðtÞdt (18)

The component for each chain length can be calculated by

dwðj; t; nÞ5dwðj; tÞ f ðj; t; nÞ5dwðj; tÞnð12sðj; tÞÞ2ðsðj; tÞÞn21

(19)

where n represents the chain length, f(j,t,n) and s(j, t) are the
time-dependent extensions of f(j, n) and s(j) described in
Eqs. 14 and 15, respectively.

For a continuous polymerization process, the inflow and
outflow must also be considered. In the present case, only
the outflow material needs to be considered because the feed
contains no polymer. The increment of the cumulative
weight for each chain length at each time interval can thus
be calculated as follows

dWðt; nÞ5
XNs

j51

dwðj; t; nÞ2Wðt; nÞFlowout ðtÞdt=VðtÞ (20)

As a result, W(t, n) can be calculated by dividing the
whole polymerization time into a number of time intervals
and applying a numerical integration method. This process is
illustrated in Figure 2.
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Finally, the cumulative Flory distribution can be calcu-
lated by

Fðt; nÞ5 Wðt; nÞXNMAX

n51

Wðt; nÞ
(21)

where NMAX represents the maximum chain length
considered.

If the MWD is selected as the quality index, the dynamic
optimization of the grade transition can be formulated as
follows

min tf

s:t : _SðtfÞ50

_Fðtf ; iÞ50; i51; :::;Np

XNp

i51

jFðtf ; iÞ2MWD i
tar j � d

XNp

i51

MWD i
tar

_x5/ðx; u; y; tÞ

wðx; u; y; tÞ50

xlb � x � xub

ulb � u � uub

ylb � y � yub

(22)

where MWD i
tar is the target MWD specification; and d is

the user specified tolerance parameter. Given that considera-
tion of the total error at each chain length between the real-
time and target MWDs is impractical, a few reasonable sam-
pling points are chosen; here, i represents the index of sam-
pling point for chain lengths, and Np is the total number of
sampling points. Other symbols are identical to those
described in problem (13), except that the number of differ-
ential and algebraic variables involved is greatly increased
from the cumulative Flory method. Because of these large-
scale features, MWD-based optimization (22) has much
higher computational complexity than the moment-based
optimization model in (13).

A Novel Method without Dynamic Computation of
MWD

The moment method calculates the moments of living or
dead polymers used for the dynamic optimization problem
(13), which is relatively easy to solve. However, this may
result in an incomplete description of the polymer and mis-
lead end-users, because polymers with similar average
molecular properties may have distinct microstructural distri-
butions and physical properties. Therefore, incorporation of
MWDs is essential for the quality control but the resulting
dynamic optimization problem (22) is difficult to solve
because of its large scale, nonlinearity, and strong coupling
features. To resolve this dilemma, we now develop an effi-
cient grade transition problem formulation that includes
MWD as the quality index. Here, a combination of moment
and MWD computations are used for dynamic optimization
and ensure that the MWDs meet the target specification at
the end of transition. Therefore, the operational result is
identical to dynamic optimization (22), but only the MWD

at steady state is incorporated, that is, the instantaneous
Flory distribution. Conversely, whether the cumulative
MWDs also reach a steady state at the same final time is yet
unknown. The following analysis sheds light on this issue.

Steady-state analysis of cumulative MWD

It is well known that steady state of the cumulative MWD
implies steady state of moments and AMWs. However, the
converse proposition may not be accepted. In the moment
model, AMWs are output variables and state variables
include temperature, concentrations of the monomer, transfer
agent, and cocatalyst, volume of reaction liquid, volume out-
flow rate, and the moments of the living and dead polymer.
If the order of the moment is expanded to the infinity, we all
know that it is equivalent to the MWD model. Regarding the
steady states of the two models, the following analysis shows
that it is unnecessary to consider high order moments to syn-
chronize the relationship between moments and MWDs. In
fact, only the first moments Y1(j, t) are sufficient.

DEFINITION 1. During the grade transition process, we
define tS as the steady-state time required by the reactor state
variables, including temperature, concentrations of the mono-
mer, transfer agent, and cocatalyst, volume of reaction liquid,
volume outflow rate, and the first moment of the living chain.

DEFINITION 2. During the grade transition process, we
define tMWD as the steady-state time required by the reactor
state variables, including the temperature, concentrations of
monomer, transfer agent, and cocatalyst, the volume of reac-
tion liquid, the volume outflow rate, and the cumulative
MWD, W(t, n).

Theorem 1. Given

dTðtÞ
dt

50;
d½MðtÞ�

dt
50;

d½H2ðtÞ�
dt

50;
d½AðtÞ�

dt
50;

dVðtÞ
dt

50;
dFlowout ðtÞ

dt
50;

dY1ðj; tÞ
dt

50

(23)

for all t � tS, Then, the cumulative weight of each chain
length satisfies

dWðt; nÞ
dt

50; for all t � tS (24)

where n 5 1, . . ., Nmax.
Proof. When tMWD � tS, that is, when the MWD is at

steady state, all moments are also at steady state and all state
variables are positive.

Figure 2. Process for calculating the cumulative Flory
distribution.
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According to the empirical Arrhenius formula

kðjÞ5k0ðjÞexp 2
EaðjÞ

R
ð1=T21=Tref Þ

� �
(25)

As the catalyst flow rates are constant, the reaction rates are
related to the temperature only and will not change after the
temperature is at steady state. After tS, the temperature, con-
centrations of the monomer, transfer agent, and cocatalyst, vol-
ume of reaction liquid, volume outflow rate, and first moment
of the living chain are at steady state according to Definition
1. Thereafter, according to Eq. 15, the distribution parameter
under the dynamic process, which can be reformulated as

sðj; tÞ5 kpðj; tÞ½MðtÞ�
kpðj; tÞ½MðtÞ�1ktM ðj; tÞ½MðtÞ�1ktH ðj; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtÞ�

p
1

ktA ðj; tÞ½AðtÞ�1ktðj; tÞ1kdðj; tÞ

 !

(26)

will no longer change with time. Thus, the instantaneous
weights (18) and Flory distributions (14) will not change as
well. Using Eqs. 18–20, the formula for calculating the cumu-
lative weights of each chain length can be reformulated as

dWðt; nÞ
dt

5
XNs

j51

fktM ðj; tÞ½MðtÞ�1ktH ðj; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtÞ�

p
1ktA ðj; tÞ½AðtÞ�1ktðj; tÞ1kdðj; tÞgY1ðj; tÞVðtÞ
3nð12sðj; tÞÞ2ðsðj; tÞÞn21

2Wðt; nÞFlowout ðtÞ=VðtÞ (27)

Defining

C0ðtÞ5Flowout ðtÞ=VðtÞ (28)

leads to

C1;nðtÞ5
XNs

j51

fktM ðj; tÞ½MðtÞ�1ktH ðj; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtÞ�

p
1ktA ðj; tÞ½AðtÞ�1ktðj; tÞ1kdðj; tÞgY1ðj; tÞVðtÞ
3nð12sðj; tÞÞ2ðsðj; tÞÞn21

(29)

and (27) can be written as

dWðt; nÞ
dt

5C1;nðtÞ2C0ðtÞWðt; nÞ (30)

where we consider the initial condition given at tS. Accord-
ing to Definition 1, when t � tS, C0ðtÞ, and C1;nðtÞ are con-
stant. Hence, substituting the constants C0 and C1;n into (30)
leads to the following solution

Wðt; nÞ5 WðtS; nÞ2
C1;n

C0

� �
e2C0ðt2tSÞ1

C1;n

C0

; t � tS (31)

According to Definition 2

Wðt1; nÞ5WðtMWD ; nÞ;8t1 > tMWD (32)

and the fact that

tMWD � tS (33)

we combine Eqs. 31 and 32 to yield

WðtS; nÞ2
C1;n

C0

� �
e2C0ðt12tSÞ1

C1;n

C0

5 WðtS; nÞ2
C1;n

C0

� �
e2C0ðtMWD 2tSÞ1

C1;n

C0

(34)

ðWðtS; nÞ2
C1;n

C0

Þðe2C0t1 2e2C0tMWD ÞeC0tS50 (35)

Because

ðe2C0t1 2e2C0tMWD ÞeC0tS 6¼ 0;8t1 > tMWD (36)

we have

WðtS; nÞ2
C1;n

C0

50 (37)

and Eq. 31 then yields

Wðt; nÞ5ðWðtS; nÞ2
C1;n

C0

Þe2C0t1
C1;n

C0

5
C1;n

C0

; t � tS (38)

Finally, substituting Eq. 38 into Eq. 30 yields

dWðt; nÞ
dt

5C1;n2C0Wðt; nÞ5C1;n2C0

C1;n

C0

50; t � tS (39)

Q.E.D.
Remark. Theorem 1 proves that both state variables men-

tioned in Definition 1 and cumulative MWD reach steady
states at the same time. Thus, we can combine the moment
model and steady-state MWD computation to solve the grade
transition problem. In practice, however, Eq. 23 is not easy
to implement and inequalities with tolerances are normally
used instead. Theorem 1 can be extended to deal with these
tolerances as follows.

Theorem 2. Given the tolerance on all state variables,
a > 0, which, during the grade transition process, applies
over ta � t � tS, such that

TðtSÞð12aÞ � TðtÞ � TðtSÞð11aÞ (40)

MðtSÞð12aÞ � MðtÞ � MðtSÞð11aÞ (41)

H2ðtSÞð12aÞ � H2ðtÞ � H2ðtSÞð11aÞ (42)

AðtSÞð12aÞ � AðtÞ � AðtSÞð11aÞ (43)

VðtSÞð12aÞ � VðtÞ � VðtSÞð11aÞ (44)

Flowout ðtSÞð12aÞ � Flowout ðtÞ � Flowout ðtSÞð11aÞ (45)

Y1ðj; tSÞð12aÞ � Y1ðj; tÞ � Y1ðj; tSÞð11aÞ (46)

Then for ta � t � tS, a relative error e > 0, which is depend-
ent of a, exists such that

2
2e
ð12eÞ e

C0ðtSÞð12eÞðtS2taÞ1
2e
ð12eÞ �

Wðt; nÞ2WðtS; nÞ
WðtS; nÞ

� 2e
ð11eÞ e

C0ðtSÞð11eÞðtS2taÞ2
2e
ð11eÞ (47)

Proof. According to Theorem 1, the following equation
can be obtained

WðtS; nÞ5
C1;nðtSÞ
C0ðtSÞ

(48)

For C0ðtÞ, according to Eq. 28 and the tolerance a, when
ta � t � tS,

Flowout ðtSÞð12aÞ
VðtSÞð11aÞ � C0ðtÞ �

Flowout ðtSÞð11aÞ
VðtSÞð12aÞ (49)

C0ðtSÞ 12
2a

11a

� �
� C0ðtÞ � C0ðtSÞ 11

2a
12a

� �
(50)

For C1;nðtÞ, according to the tolerance a and empirical
Arrhenius formula
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kðj; tÞ5k0ðjÞexp 2
EaðjÞ

R
ð1=TðtÞ21=Tref Þ

� �
(51)

when ta � t � tS

k0ðjÞexp
EaðjÞ
RTref

� �
exp 2

EaðjÞ
RTðtSÞð12aÞ

� �
� kðj; tÞ

� k0ðjÞexp
EaðjÞ
RTref

� �
exp 2

EaðjÞ
RTðtSÞð11aÞ

� �
(52)

we can define a positive constant

b5 max
j

12exp 2
aEaðjÞ

RTðtSÞð12aÞ

� �
; exp

aEaðjÞ
RTðtSÞð11aÞ

� �
21

� �
(53)

which satisfies

kðj; tSÞð12bÞ � kðj; tÞ � kðj; tSÞð11bÞ (54)

Using Eqs. 54 and 26 and the tolerance a, when ta � t � tS,
leads to

sðj; tÞ � kpðj; tSÞð12bÞ½MðtSÞ�ð12aÞ
fkpðj; tSÞð11bÞ½MðtSÞ�ð11aÞ1ktM ðj; tSÞð11bÞ½MðtSÞ�ð11aÞ1

ktH ðj; tSÞð11bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtSÞ�ð11aÞ

p
1ktA ðj; tSÞð11bÞ½AðtSÞ�ð11aÞ1

ktðj; tSÞð11bÞ1kdðj; tSÞð11bÞg

(55)

sðj; tÞ � kpðj; tSÞð11bÞ½MðtSÞ�ð11aÞ
fkpðj; tSÞð12bÞ½MðtSÞ�ð12aÞ1ktM ðj; tSÞð12bÞ½MðtSÞ�ð12aÞ1

ktH ðj; tSÞð12bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtSÞ�ð12aÞ

p
1ktA ðj; tSÞð12bÞ½AðtSÞ�ð12aÞ1

ktðj; tSÞð12bÞ1kdðj; tSÞð12bÞg

(56)

We then define a positive constant

c5max 12
ð12aÞð12bÞ
ð11aÞð11bÞ ;

ð11aÞð11bÞ
ð12aÞð12bÞ21

� �
(57)

which satisfies

sðj; tSÞð12cÞ � sðj; tÞ � sðj; tSÞð11cÞ (58)

According to Eq. 29 and the tolerance a, when ta � t � tS

C1;nðtÞ �
XNs

j51

fktM ðj; tSÞð12bÞ½MðtSÞ�ð12aÞ

1ktH ðj; tSÞð12bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtSÞ�ð12aÞ

p
1ktA ðj; tSÞð12bÞ½AðtSÞ�

3ð12aÞ1ktðj; tSÞð12bÞ1kdðj; tSÞð12bÞgY1ðj; tSÞð12aÞ
3VðtSÞð12aÞnð12sðj; tSÞð11cÞÞ2ðsðj; tSÞÞn21ð12cÞn21

(59)

C1;nðtÞ �
XNs

j51

fktM ðj; tSÞð11bÞ½MðtSÞ�ð11aÞ

1ktH ðj; tSÞð11bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½H2ðtSÞ�ð11aÞ

p
1ktA ðj; tSÞ

3ð11bÞ½AðtSÞ�ð11aÞ1ktðj; tSÞð11bÞ1kdðj; tSÞð11bÞg
3Y1ðj; tSÞð11aÞVðtSÞð11aÞnð12sðj; tSÞð12cÞÞ2

3ðsðj; tSÞÞn21ð11cÞn21
(60)

Finally, we can define a positive constant

k5 max
j
f12minfð12bÞð12aÞ3ð12cÞn21

3
12ð11cÞsðj; tSÞ

12sðj; tSÞ

� �2

g;maxfð11bÞð11aÞ3ð11cÞn21

3
12ð12cÞsðj; tSÞ

12sðj; tSÞ

� �2

g21g (61)

which satisfies

C1;nðtSÞð12kÞ � C1;nðtÞ � C1;nðtSÞð11kÞ (62)

Thus, a relative error e5max 2a
12a ; k
� 	

exists, which satisfies

C0ðtSÞð12eÞ � C0ðtÞ � C0ðtSÞð11eÞ (63)

C1;nðtSÞð12eÞ � C1;nðtÞ � C1;nðtSÞð11eÞ (64)

According to Eq. 30 and the inequalities in (63) and (64)
when ta � t � tS

C1;nðtSÞð12eÞ2C0ðtSÞð11eÞWðt; nÞ

� dWðt; nÞ
dt

5C1;nðtÞ2C0ðtÞWðt; nÞ (65)

dWðt; nÞ
dt

5C1;nðtÞ2C0ðtÞWðt; nÞ
� C1;nðtSÞð11eÞ2C0ðtSÞð12eÞWðt; nÞ (66)

For the inequality (65), there exists PðtÞ � 0; ta � t � tS,
which satisfies

PðtÞ1C1;nðtSÞð12eÞ2C0ðtSÞð11eÞWðt; nÞ5 dWðt; nÞ
dt

(67)

The general solution of Eq. 67 is as follows

Wðt; nÞ5CeC0ðtSÞð11eÞðtS2tÞ1

eC0ðtSÞð11eÞðtS2tÞ
ðt

tS

ðPðt0Þ1C1;nðtSÞð12eÞÞeC0ðtSÞð11eÞðt02tSÞdt0

(68)
where C represents an constant and ta � t � tS
At time tS

WðtS; nÞ5CeC0ðtSÞð11eÞðtS2tSÞ1

eC0ðtSÞð11eÞðtS2tSÞ
ðtS

tS

ðPðtÞ1C1;nðtSÞð12eÞÞeC0ðtSÞð11eÞðt2tSÞdt

5C

(69)

Substituting Eq. 69 into Eq. 68 yields the following solution
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Wðt; nÞ5WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1

eC0ðtSÞð11eÞðtS2tÞ
ðt

tS

ðPðt0Þ1C1;nðtSÞð12eÞÞeC0ðtSÞð11eÞðt02tSÞdt0

(70)

Given that

eC0ðtSÞð11eÞðtS2tÞ > 0

eC0ðtSÞð11eÞðt2tSÞ > 0

PðtÞ � 0

(71)

we have for t< tS

Wðt; nÞ5WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1

eC0ðtSÞð11eÞðtS2tÞ
ðt

tS

ðPðt0Þ1C1;nðtSÞð12eÞÞeC0ðtSÞð11eÞðt02tSÞdt0

� WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1

eC0ðtSÞð11eÞðtS2tÞ
ðt

tS

C1;nðtSÞð12eÞeC0ðtSÞð11eÞðt02tSÞdt0

(72)

where C1;nðtSÞð12eÞ is a constant independent of time. Thus

Wðt; nÞ � WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1C1;nðtSÞð12eÞeC0ðtSÞð11eÞðtS2tÞ
ðt

tS

eC0ðtSÞð11eÞðt02tSÞdt0

5WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1
C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ eC0ðtSÞð11eÞðtS2tÞðeC0ðtSÞð11eÞðt2tSÞ21Þ

5WðtS; nÞeC0ðtSÞð11eÞðtS2tÞ1
C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ 2

C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ eC0ðtSÞð11eÞðtS2tÞ

(73)

Substituting Eq. 48 into Eq. 73 gives

Wðt; nÞ � C1;nðtSÞ
C0ðtSÞ

2
C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ

� �
eC0ðtSÞð11eÞðtS2tÞ

1
C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ

5
2eC1;nðtSÞ

C0ðtSÞð11eÞ

� �
eC0ðtSÞð11eÞðtS2tÞ1

C1;nðtSÞð12eÞ
C0ðtSÞð11eÞ

5
2e
ð11eÞWðtS; nÞe

C0ðtSÞð11eÞðtS2tÞ1
ð12eÞ
ð11eÞWðtS; nÞ

5
2e
ð11eÞ e

C0ðtSÞð11eÞðtS2tÞ2
2e
ð11eÞ11

� �
WðtS; nÞ

(74)

and for ta � t � tS

Wðt; nÞ � 2e
ð11eÞ e

C0ðtSÞð11eÞðtS2taÞ2
2e
ð11eÞ11

� �
WðtS; nÞ (75)

which gives the upper bound for (47).
Now for the inequality (66), there exists QðtÞ � 0; ta � t �
tS, which satisfies

dWðt; nÞ
dt

5C1;nðtSÞð11eÞ2C0ðtSÞð12eÞWðt; nÞ2QðtÞ (76)

By analogy, the general solution of Eq. 76 is as follows

Wðt; nÞ5CeC0ðtSÞð12eÞðtS2tÞ1

eC0ðtSÞð12eÞðtS2tÞ
ðt

tS

C1;nðtSÞð11eÞ2Qðt0Þ

 �

eC0ðtSÞð12eÞðt02tSÞdt0

(77)

where C represents a constant and ta � t � tS
At time tS

WðtS; nÞ5CeC0ðtSÞð12eÞðtS2tSÞ1

eC0ðtSÞð12eÞðtS2tSÞ
ðtS

tS

C1;nðtSÞð11eÞ2Qðt0Þ

 �

eC0ðtSÞð12eÞðt02tSÞdt0

5C

(78)
Substituting Eq. 78 into Eq. 77 yields the following solution

Wðt; nÞ5WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1

eC0ðtSÞð12eÞðtS2tÞ
ðt

tS

C1;nðtSÞð11eÞ2Qðt0Þ

 �

eC0ðtSÞð12eÞðt02tSÞdt0

(79)

Given that

eC0ðtSÞð12eÞðtS2tÞ > 0

eC0ðtSÞð12eÞðt2tSÞ > 0

QðtÞ � 0

(80)

we have

Wðt; nÞ5WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1

eC0ðtSÞð12eÞðtS2tÞ
ðt

tS

ðC1;nðtSÞð11eÞ2Qðt0ÞÞeC0ðtSÞð12eÞðt02tSÞdt0

� WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1

eC0ðtSÞð12eÞðtS2tÞ
ðt

tS

C1;nðtSÞð11eÞeC0ðtSÞð12eÞðt02tSÞdt0

(81)

where C1;nðtSÞð11eÞ is a constant independent of time. Thus

Wðt; nÞ � WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1C1;nðtSÞð11eÞeC0ðtSÞð12eÞðtS2tÞ
ðt

tS

eC0ðtSÞð12eÞðt02tSÞdt0

5WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1
C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ eC0ðtSÞð12eÞðtS2tÞðeC0ðtSÞð12eÞðt2tSÞ21Þ

5WðtS; nÞeC0ðtSÞð12eÞðtS2tÞ1
C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ 2

C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ eC0ðtSÞð12eÞðtS2tÞ

(82)
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Substituting Eq. 48 into Eq. 82 gives

Wðt; nÞ � C1;nðtSÞ
C0ðtSÞ

2
C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ

� �
eC0ðtSÞð12eÞðtS2tÞ

1
C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ

5 2
2eC1;nðtSÞ

C0ðtSÞð12eÞ

� �
eC0ðtSÞð12eÞðtS2tÞ1

C1;nðtSÞð11eÞ
C0ðtSÞð12eÞ

52
2e
ð12eÞWðtS; nÞe

C0ðtSÞð12eÞðtS2tÞ1
ð11eÞ
ð12eÞWðtS; nÞ

5 2
2e
ð12eÞ e

C0ðtSÞð12eÞðtS2tÞ1
2e
ð12eÞ11

� �
WðtS; nÞ

(83)

and for ta � t � tS

Wðt; nÞ � 2
2e
ð12eÞ e

C0ðtSÞð12eÞðtS2taÞ1
2e
ð12eÞ11

� �
WðtS; nÞ

(84)

Thus from Eqs. 75 and 84

2
2e
ð12eÞ e

C0ðtSÞð12eÞðtS2taÞ1
2e
ð12eÞ �

Wðt; nÞ2WðtS; nÞ
WðtS; nÞ

� 2e
ð11eÞ e

C0ðtSÞð11eÞðtS2taÞ2
2e
ð11eÞ (85)

Q.E.D.

Remark. Theorem 2 shows that if the tolerance of
the state variables, a, is small enough, the difference between
Wðt; nÞ and WðtS; nÞ will be acceptably small as well.

Dynamic optimization formulation based on Theorems 1

and 2

Based on Theorems 1 and 2, we can extend dynamic opti-
mization with the moment method (13) by adding the
steady-state MWD model (14)–(17). The dynamic optimiza-
tion of the grade transition can thus be formulated as follows

min tf

s:t : _SðtfÞ50

XNp

i51

����f ðtf ; iÞ2MWD i
tar

���� � d
XNp

i51

MWD i
tar

_x5/ðx; u; y; tÞ

wðx; u; y; tÞ50

xlb � x � xub

ulb � u � uub

ylb � y � yub

(86)

where S are the state variables shown in Theorem 1; f(tf, i)
is the ith sampling point of instantaneous MWD obtained at
the final time, tf; Np is the number of sampling points;
MWD i

tar is the target MWD value at the ith sampling point;
and d is the tolerance parameter given by users.

This optimization problem is a variation of Problem (13)
by replacing the AMW with MWD. Compared with Problem
(22), which is the direct formulation for dynamic optimiza-
tion with MWD, the computation complexity in Problem

(86) has been greatly reduced as only steady-state MWD cal-
culations based on the instantaneous method are required.
According to Theorem 1, the first equality constraint deter-
mines whether or not the grade transition process has
reached a steady state. The second constraint is required to
ensure at steady state that the MWD is the target MWD; this
prevents the transition to the same average molecular prop-
erty but with different MWDs.

The first equality constraint in Problem (86) requires the
transition to be terminated only after the process is com-
pletely at a steady state. However, satisfying this equality
constraint may lead to a large and impractical transition
time. Based on the theoretical analysis in Theorem 2, we
modify Problem (86) using a relaxed inequality constraint to
substitute for the first equality constraint as shown below

min tf

s:t : 2gSðtfÞ � SðtfÞ2SðtkÞ � gSðtfÞ

XNp

i51

����f ðtf ; iÞ2MWD i
tar

���� � d
XNp

i51

MWD i
tar

_x5/ðx; u; y; tÞ

wðx; u; y; tÞ50

xlb � x � xub

ulb � u � uub

ylb � y � yub

(87)

where SðtfÞ is the state variable calculated at the final time
tf; SðtkÞ is the state variable calculated at time tk, which is
set to 0.95*tf; and g and d are both tolerance parameters.
The other symbols in the equation are identical to those used
in problems (13) and (22).

The relationships among the previous methods and the
new method are illustrated and compared in Figure 3. The
new method, as shown in the right hand of the figure, com-
bines dynamic optimization using the moment method (13)
and steady-state calculations of the MWD using the instanta-
neous Flory method (14)–(17). Dynamic optimization (13)
ensures that the process can transition to a new steady grade,
while the instantaneous Flory method guarantees that the
transition grade is the target grade with specifications at the
molecular level. Theorems 1 and 2 support the synchroniza-
tion between moments and MWD. The advantage of the new
strategy is that it enforces desired product at the target
MWD while avoiding computations of the dynamic cumula-
tive MWD during grade transition.

Figure 3. Relationship and implementation structure of
the used methods.
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Theorem validation through dynamic simulation

Numerical experiments were conducted to verify the
steady-state agreement between MWD and the states as pre-
sented in the theorems. A dynamic simulation of the grade
transition was carried out for the polymerization reactor
shown in Figure 1. The process transitions from Grade A to
Grade B under the operating conditions listed in Table 2.
The input includes the feeds of catalyst, cocatalyst, mono-
mer, hydrogen, and hexane, and three setpoints of PID con-
trollers for reactor temperature, pressure, and liquid level. To
simplify the operation, the step-change inputs of the dynamic
simulation were set, that is, each input was changed sharply
from the steady-state A value to the steady-state B value at
the beginning of the transition. The simulation time was set
to 50,000 s and the maximal chain length was set to 50,000.
The computation was conducted using DASPK Solver on a
DELLTM PowerEdgeTM SC1425 system PC with a 2.8 GHz
IntelVR XeroTM CPU and 10 GB memory.

The dynamic simulation results of the key state variables,
including the temperature, the concentrations of the mono-
mer, the transfer agent, and the cocatalyst, the volume of
reaction liquid, and the volume outflow rate, are shown in
Figure 4. Results of another key state variable, the first
moments of the living chain, are shown in Figure 5, where
Y11, Y12, Y13, Y14, and Y15 represent the first moments of
the living chains of the five active sites, and Y1 represents
the summation of these first moments. The figures show that
all of the variables vary from one steady state to another
steady state. Because of the good performance of the temper-
ature PID controller, the reactor temperature approaches the

target temperature very quickly. The other state variables
take relatively longer times to reach the new steady state.
We can see the new steady state has been reached long
before the end of the simulation time, 50,000 s.

The dynamic simulation results of the MWDs are also
analyzed. Figure 6 illustrates how the dynamic MWD results
change with time during grade transition from Grades A to
B. In each subplot, the horizontal axis indicates the chain
length in the logarithmic scale, log 10ðmw � nÞ. Four MWD
curves exist in each subplot, including the steady-state
MWD at the beginning of the transition (i.e., the MWD of
Grade A), the steady-state MWD at the end of the transition
(i.e., the MWD of Grade B), the MWD at the current time
obtained using the instantaneous Flory method, and the
MWD at the current time obtained using the cumulative
Flory method. The only exception is subplot 6(a), in which
only two curves are presented as the current time is 0 s and
the process is at state A. At 200 s, as illustrated in Figure
6b, the MWD curve of the instantaneous Flory method is
distinct from the MWD curves of steady-state A and steady-
state B because a step change occurs in the input variables.
The instantaneous MWD curve represents only the newly
generated polymer at this time point. The MWD result of
the whole polymer in the reactor is represented by the dotted
curve obtained by applying the cumulative Flory method on
the dynamic MWD model. The cumulative MWD curve
varies only slightly from that of the steady-state A; at 200 s,
the total amount of the newly generated polymer barely
influences the cumulative MWD, even though the instantane-
ous MWD has significantly changed. In Figure 6c, at time

Table 2. Steady-State Operating Conditions of Grades A, B, C, and D

Grade A Grade B Grade C Grade D

Catalyst feed 0.743 (kmol/h) 1.169 (kmol/h) 0.748 (kmol/h) 0.361 (kmol/h)
Cocatalyst feed 0.768 (kmol/h) 0.734 (kmol/h) 0.947 (kmol/h) 0.843 (kmol/h)
Hydrogen feed 2.108 (kmol/h) 2.3014 (kmol/h) 4.652 (kmol/h) 4.046 (kmol/h)
Monomer feed 107.633 (kmol/h) 104.806 (kmol/h) 128.402 (kmol/h) 122.663 (kmol/h)
Hexane feed 79.491 (kmol/h) 70.926 (kmol/h) 95.228 (kmol/h) 95.228 (kmol/h)
Temperature setpoint 357.15 (K) 358.15 (K) 358.15 (K) 358.15 (K)
Pressure setpoint 6.428 (atm) 7.218 (atm) 8.886 (atm) 8.886 (atm)
Liquid level setpoint 2.119 (m) 1.998 (m) 2.426 (m) 2.426 (m)

Figure 4. Dynamic simulation results of six state
variables.

Figure 5. Dynamic simulation results of the first
moments of the living chains.
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10,000 s, the instantaneous MWD is close to the target
MWD but the cumulative MWD still shows a distinct differ-
ence. As the time increases to 25,000 s, (see Figure 6d), the
instantaneous MWD overlaps with the target MWD, but the
cumulative MWD still differs slightly from the target MWD.
After 30,000 s, both the instantaneous and the cumulative
MWD curves overlap with the target.

The dynamic simulation results show that the state variables
and MWD results are fully synchronized. As shown in Theo-
rem 2, bounded deviation from steady state on the state varia-
bles can guarantee bounded steady-state deviation on
cumulative MWD. In Problem (87), g is used as the tolerance
on the state variables to verify if a new steady state is
reached. Following the previous numerical test, now consider

the MWD deviation caused by g. We consider states at
t 5 50,000 s as the steady-state results and when the simula-
tion time is close to 50,000 s, g can be specified very small.
Moreover, we can relate g and d in Problem (87) by compar-
ing the results obtained at different time instants. As shown in
Figure 7, d varies monotonically with g and this result sup-
ports the conclusion derived in Theorem 2. Moreover, if we
set g to 1% then from Figure 7 d is about 0.85%, which is
smaller than the error of the MWD measurement using GPC.

Dynamic Optimization on HDPE Slurry Process

The grade transition of the HDPE slurry process shown in
Figure 1 is conducted using the proposed method. A

Figure 6. Dynamic MWD curves along time.
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simultaneous discretization approach is used for dynamic
optimization by transforming the differential-algebraic equa-
tions in (87) as a nonlinear programming (NLP) problem
using orthogonal collocation on finite elements. The NLP
model is coded and solved using AMPL (32-bit version) and
Interior Point OPTimizer39 version 3.8. The program is run
on a Lenovo U410 PC with 64-bit Windows 7, 1.70 GHz
Intel Core i5–3317U CPU, and 4.0 GB RAM.

Two grades from actual industrial data are used for the
optimization of the grade transition. They are referred to as
Grades C and D with the steady-state operating conditions
also listed in Table 2. The manipulated variables include the
feeds of catalyst, cocatalyst, hydrogen, and monomer. The

Figure 7. Relationship between g and d.

Figure 8. Comparison results of operating conditions
of Grades C to D.

Figure 9. Constraints of the process conditions of
Grades C to D.

Figure 10. Dynamic results of six state variables of
Grades C to D.

Figure 11. Dynamic results of the first moments of liv-
ing chain of Grades C to D.
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remaining inputs are set as constants shown in Table 2. The
process is first set to the steady state of Grade C; then, grade
transition begins after 8 h. Simulation of actual plant opera-
tions is also used as a comparison. The dynamic simulation
results refer to those obtained using actual plant operational
inputs, while the dynamic optimization results refer to the
optimal results obtained using the proposed method.

Figure 8 compares the operating conditions of dynamic
simulation and dynamic optimization of the transition from
Grades C to D. In each subplot, the curves of simulation and
optimization overlap for the first 8 h of operation before the
transition. Thereafter, obvious differences can be observed.
The results of both cases eventually overlap at the end of the
transition, which agrees with the steady-state operating con-
ditions of the target grade. Note that overshoot operations
are required for the manipulated variables in the dynamic
optimization to minimize the transition time.

In an actual industrial plant, some constraints in key state
variables also exist for safety considerations. Figure 9 shows
the results of solid fraction and thermal load with their
required bounds. Here, solid fraction has an upper bound to
ensure that the polymer is discharged from the reactor
smoothly and the thermal load has a lower bound to ensure
that polymerization is conducted normally and safely. Both
constraints are satisfied by the dynamic simulation and opti-
mization results, as shown in Figure 9.

The dynamic results of the key state variables in (87),
including the temperature, the concentrations of monomer,
transfer agent and cocatalyst, the liquid volume, and the out-
flow rate are shown in Figure 10. The information of the first

moment is illustrated in Figure 11. The figures show that all
of the state variables vary from their initial steady state to their
desired steady state. The derivatives of the aforementioned
state variables at the final time are listed in Table 3. The deriv-
atives of the state variables are essentially equal to zero. These
results verify that the steady state was accomplished, which
agrees with the first equality constraint in Problem (86).

After the dynamic optimization, the grade transition time
between Grades C and D is shortened from 22 to 18.5 h.
The reduction is almost 16% which is quite satisfactory. Fur-
ther analysis shows that the results of Problem (87) with the
instantaneous Flory distribution agree with the dynamic sim-
ulation results of the target grade as shown in Figure 12,
even though the dynamic MWD model is not used in the
proposed method. This further confirms that the proposed
method can avoid arduous computational efforts when deal-
ing with dynamic MWD optimization, while maintaining the
precision of polymer quality.

Table 3. Derivatives of S(tf)

State Variable Derivatives (C to D) Derivatives (D to C)

Temperature 22.112934e-10 4.282385e-11
Monomer 26.575031e-09 3.946911e-11
Hydrogen 2.275823e-09 27.454328e-10
Cocatalyst 22.039525e-11 7.452239e-12
Volume 1.153329e-11 22.055870e-12
Volume outflow 1.257037e-12 21.109926e-13
Y1(1) 28.248387e-13 5.857114e-13
Y1(2) 26.359542e-12 4.704870e-12
Y1(3) 21.307295e-11 1.229704e-11
Y1(4) 26.865500e-11 5.501859e-11
Y1(5) 21.250536e-10 1.436252e-10
Y1(sum) 22.139659e-10 2.162314e-10

Figure 12. MWD results after transition to Grade D.

Figure 13. Comparison results of operating conditions
of Grades D to C.

Figure 14. Dynamic results of six state variables of
Grades D to C.
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To further test the proposed method, grade transition from
Grade D to Grade C is also conducted. First, dynamic simu-
lation is conducted using the backward operation of Grades
C to D. Then, dynamic optimization is conducted with the
proposed method. The results of the manipulated variables
are shown in Figure 13. Comparison with the results in Fig-
ure 8 reveals that the new optimization results are not the
reverse operation of Grades C to D. Instead, overshoot oper-
ations in the opposite direction are used to save transition
time. The dynamic results of six state variables are shown in
Figure 14. We can see that both operations accomplish the
transition. But compared with the reverse simulation opera-
tion, the optimized operation can obviously reduce the time.
The MWD results are further compared in Figure 15, dem-
onstrating the accuracy of the proposed method in dealing
with MWD computation.

Conclusions

Accuracy and arduous computations of a dynamic optimi-
zation problem must be addressed when using dynamic opti-
mization for grade transition processes based on MWDs. In
this study, new theoretical results show the relationship
between moment-based and dynamic MWD-based criteria.
Moreover, a novel strategy featuring the moment method in
cooperation with the instantaneous Flory distribution is pro-
posed for dynamic optimization. This method guarantees
grade transitions with detailed MWD information and avoids
arduous computations for dynamic MWDs. Finally, the
application of the proposed method on an HDPE slurry pro-
cess is presented.
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